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1. $k$ , $V$ $k$
. , $V$ - ,
$V(k)$ , ,
.
$V(k)$ , height function
$V$ k- . .
$\mathcal{L}$ $V$ ample invertible sheaf , $h_{\mathcal{L}}$ $\mathcal{L}$ (logarithmic)
height . $M$ , $V$ $k$ , height $M$
$(V(k); M)$ :
$N_{\mathcal{L}}(V(k);M)=\#\{P\in V(k) ; h_{L}(P)\leq\lambda f\}$ .




$A$ $k$ . , $A(k)$
$A$ (Mordell-Weil ). $r$
$A(k)$ rank . , $r=0$ $A(k)$
, $N_{\mathcal{L}}(A(k);M)$ . N\’eron[7] 1965
, height function , $r>0$ ,
$Marrow\infty$ ,
$N_{\mathcal{L}}(A(k);M)=cM^{\tau/2}+O(M^{(\tau-1)/2})$
( $O$ Landau ). , $c$ invertible
sheaf $\mathcal{L}$ algebrmlcally equivalent class .
, $n$ $P^{n}$ , $\mathcal{L}=$
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Schanue1[9] 1979 . , $d$
, $c$ $k$ Dedekind
.
. , 2 , $V$ $V$
ample invertible sheaf $\mathcal{L}$ , $N_{\mathcal{L}}(V(k);M)$
.
, $V$ ,
. $S$ $k$ . ,
2 $A$ , $A$ $G$ , $S$
$A/G$ . ,
, S




( , $S$ $k$
). , $A$





. $k$ , $S$ $k$ . , $k$
$k’$ , :
$K$ ’ $\subset K$ , $S$ $K$ $S(K)$
, $S$ ample invertible sheaf $\mathcal{L}$ , $Marrow\infty$
,
N $(S(K);M)=cM^{r/2}+O(M^{(r-1)/2})$
. , $r$ $\mathcal{L}$ $K$ , $c$




, $k’$ $k$ . , $k$
, .
*. $k$ , $S$ $k$ , , $k$
. , $S$ $k$ $S(k)$
, $S$ ample invertible sheaf $\mathcal{L}$ , $Marrow\infty$ ,
$N_{\mathcal{L}}(S(k);M)=cM^{\tau/2}+O(M^{(r-1)/2})$




, $\overline{Q}$ ( )
, morphism, sheaf $\overline{Q}$
. , .
$\bullet$ $A$ , $Aut(A)$ $A$
, $Aut(A, O)$ $A$ . , $A$
$k$ , $Aut_{k}(A)$ $k$ $Aut(A)$
. $Aut_{k}(A, O)$ .. $\mathcal{A}$ , $A$
$A_{tor}$ .. $\mathcal{G}$ , $g,g’\in \mathcal{G}$ , $g$ $\mathcal{G}$ $<g>$ .
, $\{g,g’\}$ $\mathcal{G}$ $<g,$ $g’>$ .
2. $S$ , 1 .
$S$ $0$ , 2 2 , $S$ (hyperelliptic
surface) .
2 isogenous 2
$A$ , ( ) $G$ $A/G$
. [3] , [2] .





. $E_{1},$ $E_{2}$ $G$ .
(2a) $E_{1},$ $E_{2}$ , $G=<g>$ ,
$g;(P_{1}, P_{2})(P_{1}+T_{1}, -P_{2})$ , $T_{1}\in E_{1}(\overline{Q})$ , order $T_{1}=2$ .
(2b) $E_{1},$ $E_{2}$ , $G=<g,$ $g’>$ ,
9 $:\cdot(P_{1}, P_{2})-(P_{1}+T_{1}, -P_{2})$ , $g’$ : $(P_{1}, P_{2})(P_{1}+T_{1}’, P_{2}+T_{2})$ ,
$T_{1},$ $T_{1}’\in E_{1}(\overline{Q})$ , order $T_{1}=orderT_{1}’=2$ , $<T_{1}>\cap<T_{1}’>=\{O\}$ ,
$T_{2}\in E_{2}(\overline{Q})$ , order $T_{2}=2$ .
(3a) $E_{1}$ , $j(E_{2})=0$ , $G=<g>$ ,
$g$ : $(P_{1}, P_{2})(P_{1}+T_{1}, [\rho]^{2}P_{2})$ , $T_{1}\in E_{1}(\overline{Q})$ , order $T_{1}=3$ .
(3b) $E_{1}$ , $j(E_{2})=0$ , $G=<g,$ $g’>$ ,
$g$ : $(P_{1}, P_{2})(P_{1}+T_{1}, [\rho]^{2}P_{2})$, $g’$ : $(P_{1}, P_{2})(P_{1}+T_{1}’,P_{2}+T_{2})$,
$T_{1},$ $T_{1}’\in E_{1}(\overline{Q})$ , order $T_{1}=orderT_{1}’=3$ , $<T_{1}>\cap<T_{1}’>=\{O\}$ ,
$T_{2}\in E_{2}(\overline{Q})$ , order $T_{2}=3$ , $[\rho]^{2}T_{2}=T_{2}$ .
(4a) $E_{1}$ , $j(E_{2})=1728$ , $G=<g>$ ,
$g$ : $(P_{1}, P_{2})(P_{1}+T_{1}, [i]P_{2})$ , $T_{1}\in E_{1}(\overline{Q})$ , order $T_{1}=4$ .
(4b) $E_{1}$ , $j(E_{2})=1728$ , $G=<g,$ $g’>,$ .
$g:(P_{1}, P_{2})-(P_{1}+T_{1}, [i]P_{2})$ , $g’:(P_{1}, P_{2})-(P_{1}+T_{1}’, P_{2}+T_{2})$,
$T_{1},$ $T_{1}’\in E_{1}(\overline{Q})$ , order $T_{1}=4$ , order $T_{1}’=2$ , $<T_{1}>\cap<T_{1}’>=\{O\}$ ,
$T_{2}\in E_{2}(\overline{Q})$ , order $T_{2}=2$ , $[i]T_{2}=T_{2}$ .
(6a) $E_{1}$ , $j(E_{2})=0$ , $G=<g>$ ,
$g:(P_{1}, P_{2})(P_{1}+T_{1}, [\rho]P_{2})$ , $T_{1}\in E_{1}(\overline{Q})$ , order $T_{1}=6$ .
, $j(E_{2})$ $E_{2}$ j-invariant . , $[\rho]$ $Aut(B_{\sim}, O)$
6 , $[i]$ $Aut(E_{2}, O)$ 4 .
$A=E_{1}xE_{2}$ , $\pi$ : $Aarrow S$ . , $A$ 2
, $\pi$ finite morphism . , $G$ $Aut(A)$
.
2.2. projection
$Garrow Aut(E_{1})$ , $Garrow Aut(E_{2})$
. 2 image
$G_{1},$ $G_{2}$ . , $pr_{1}$ : $Aarrow E_{1}$ projection ,
4
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$A$ $O=(O_{1}, O_{2})$ G- $E_{1}$ projection $pr_{1}(O^{G})$
$\Gamma$ . , $\Gamma$ $T_{1}$ , $T_{1}$ $T_{1}’$ $E_{1}(\overline{Q})$
, $G_{1}$ $\Gamma$ translation .





$Garrow\Gamma$ , $f pr_{1}(f(O))$
.
$\Gamma\subset E_{1}(\overline{Q})$ , $E$ isogeny $\phi$ :
$E_{1}arrow E$ $Ker\phi=\Gamma$ ( ) .





3. $k$ , $S$ $k$ . ,
2.1 , $S$ $\overline{Q}$ $E_{1},$ $E_{2}$ 2
$A=E_{1}xE_{2}$ $G\subset Aut(A)$ , $\overline{Q}$ $S\cong A/G$
. , , $k$
. , .
$1^{o}$ $E_{1},$ $E_{2}$ $k$ ;
$2^{o}$ $E_{1}(k)\neq\emptyset,$ $E_{2}(k)\neq\emptyset$ ;
$3^{o}$ $f\in G$ $k$ ;
$4^{o}$ $\pi$ $k$ .
, 1 , $k$ $k’$ ,




$5^{o}$ $A=E_{1}xE_{2}$ $k$ 2 ;
$6^{o}$ $T_{1},$ $T_{1}’\in E_{1}(k)$ , $T_{2}\in E_{2}(k)$ ;
$7^{o}$ (3a), (3b), (6) $\rho=\frac{1+\sqrt{-3}}{2}\in k$ , $[\rho]\in A[be] t_{\dot{\kappa}}(E_{2}, O)$ ;
$8^{o}$ (4a), (4b) $i=\sqrt{-1}\in k$ , $[i]\in Aut_{k}(E_{2}, O)$ .
$3^{o},$ $4^{o}$ , $P\in A(\overline{Q})$ $\sigma\in Ga1(\overline{Q}/k)$ ,
$(f(P))^{\sigma}=f(P^{\sigma})$ , $(\pi(P))^{\sigma}=\pi(P^{\sigma})$
. , $P\in A(\overline{Q})$ , $\pi(P)\in$
$S(k)$ $P$ G- $P^{G}$ $k$ (i.e.
$G4(\overline{Q}/k)$ ) .
$\pi(A(k))\subset S(k)$ .
$S$ $S(k)$ , $\pi$
$l$
$\pi^{-1}(S(k))$ . , ,
$\pi^{-1}(S(k))$ .
22 , $G$ $A=E_{1}xE_{2}$ ,
$E_{1}$ $\Gamma$ translation ( $\Gamma\subset E_{1}(\overline{Q})$
$E_{1}$ ( ) ). , $E_{1}$ (
$\Gamma$ $E_{1}(\overline{Q})$ ) .
$6^{o}$ , $\Gamma\subset E_{1}(k)$ $k$ . ,
$E$ isogeny $\phi$ : $E_{1}arrow E$ , $k$
( , k- ). ,




$S\cong A/G$ $E\cong E_{1}/G_{1}$
, $k$ .
$\phi$ $k$ ,
$E_{1}(k)\subset\phi^{-1}(E(k))$ , $\phi(E_{1}(k))\subset E(k)$






. , 2 $\phi$ induce
.
, $\pi^{-1}(S(k))$ , $\phi^{-1}(E(k))$
.
3.1. $P=(P_{1},P_{2})\in A(\overline{Q})$ ,
$P\in\pi^{-1}(S(k))\Rightarrow P_{1}\in\phi^{-1}(E(k))$ .
$P=(P_{1}, P_{2})\in\pi^{-1}(S(k))$ , $P$ $k$
$k(P)$ . , $k(P)$ , $k$ . ,
$k(P)/k$ . , $k(P)$ $k$ $P_{1}$
$k(P_{1})$ . , , $\phi^{-1}(E(k))$
$k$ .
$Q\in\phi^{-1}(E(k))$ , $Q$ $k(Q)$
. , $k(Q)/k$ .
3.2. (i) $Q\in\phi^{-1}(E(k))$ , $k(Q)/k$ ( ) ,
$Ga1(k(Q)/k)arrow\Gamma$ , $\sigma Q^{\sigma}-Q$
. $k(Q)/k$ , $m$ $\Gamma$
,
$\sigma^{m}=id$ , $\forall\sigma\in Ga1(k(Q)/k)$
.
(ii) $Q,$ $Q’\in\phi^{-1}(E(k))$ ,
$Q\equiv Q’$ $(mod. E_{1}(k))\Rightarrow k(Q)=k(Q’)$ .
3.3. $v$ $k$ , $\Gamma$ $m$





$Q\in E_{1}$ ( ) . , 3.1 , (Q) $R$
$\pi((Q, R))\in S(k)$ , $Q\in\phi^{-1}(E(k))$ .
, $R$ $E_{2}\{Q\}$ :
$E_{2}\{Q\}=\{R\in E_{2}(\overline{Q}) ; (Q,R)\in\pi^{-1}(S(k))\}$ .
, $E_{2}\{Q\}$ .




. $\xi$ , $E_{2}\{Q\}$ |- .
3.4. (i) $Q\in\phi^{-1}(E(k))$ ,
$E_{2}.\{Q\}=\{R\in E_{2}(k(Q));R^{\sigma}=\xi_{\sigma}(R);\forall\sigma\in Ga1(k(Q)/k)\}$ .
(ii) $Q,$ $Q’\in\phi^{-1}(E(k))$ ,
$Q\equiv Q’$ $(mod. E_{1}(k))\Rightarrow E_{2}\{Q\}=E_{2}\{Q’\}$ .
3.5. $\xi$ l-cocycle . $k$
$C$ $k(Q)$ $\theta$ : $Carrow E_{2}$ ,
$\xi_{\sigma}=\theta^{\sigma}0\theta^{-1}$ , $\forall\sigma\in Ga1(k(Q)/k)$
. ( $C$ l-cocycle $\xi$ $E_{2}$ twist
.) , $\theta$ $C(k)$ $E_{2}\{Q\}$ 1 1
. , $R\in E_{2}(\overline{Q})$ ,
$R\in E_{2}\{Q\}\Leftrightarrow\theta^{-1}(R)\in C(k)$
.
, $\{Q\}$ . , $E_{2}\{Q\}\neq$
$\emptyset$ , $E_{2}\{Q\}$ $E_{2}(k(Q))$ ,
8
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. , $E_{2}\{Q\}$ , $E_{2}\{Q\}$ $E_{2}(k(Q))$
. , .
3.6. $Q\in\phi^{-1}(E(k))$ , $E_{2}\{Q\}\neq\emptyset$ , $E_{2}(k(Q))$
$E_{2}^{*}\{Q\}$ ,
$E_{2}\{Q\}=R+E_{2}^{*}\{Q\}$ , $\forall R\in E_{\sim^{)}}’\{Q\}$
. , $O\in E_{2}\{Q\}$ , $E_{2}\{Q\}$ $E_{2}(k(Q))$
.
$3.4,(i)$ , $P=(P_{1}, P_{2})\in\pi^{-1}(S(k))$ $k(P)=k(P_{1})$
, . , $S$ k$\sqrt{}\sqrt{}$
, $A$ , $k$
.




3.8. $k$ , $S$ $k$ . $A,$ $\pi$
, $1^{o}\triangleleft\circ$ . ,
$\pi^{-1}(S(k))$
$\pi^{-1}(S(k))=Q\in\phi^{-1}(B(k))/_{\emptyset}B_{1}(k)\prod_{B_{2}\{Q\}\neq}((Q, R)+E_{1}(k)xE_{2}^{*}\{Q\})$
, $A(k(Q))$ $E_{1}(k)xE_{2}^{*}\{Q\}$ finite disjoint union
. , $R$ $E_{2}\{Q\}$ .
3.9. $Q^{(1)},$ $Q^{(.2)},$ $\cdots,$ $Q^{(t)}\in\phi^{-1}(E(k))$
$\{Q\in\phi^{-1}(E(k))/E_{1}(k) ; E_{2}\{Q\}\neq\emptyset\}$
. , 3.5 , $Q^{(l)}$ $k$










4.1. $k$ , $S$ $k$ , 3
$1^{o}-4^{o}$ . , $S(k)$ , $S$





, $c$ $\mathcal{L}$ algebraically equivalent class
.
4.2. 3.9 , $r$
$r= rankE_{1}(k)+1\max_{\leq\iota\leq e}$ rank $C^{(1)}(k)$




- rank . ,
Birch-Swinnerton-Dyer , $r$ $t+1$
$s=1$ .
3.8 4.1 , height function ,
N\’eron-Tate height .
:
4.3. $K$ , $A$ $K$ . $\mathcal{L}$




(i) 2 $q_{L}$ : $A(\overline{Q})arrow R$ $l_{\mathcal{L}}$ : $A(\overline{Q})arrow R$
, $A(\overline{Q})$
$h_{\mathcal{L}}=q_{\mathcal{L}}+l_{\mathcal{L}}+O(1)$
. ( A( ) D $q_{\mathcal{L}}+l_{\mathcal{L}}$ invertible sheaf $\mathcal{L}$ Neron-Tate
height .)
(ii) $qc$ $A(K)\otimes Z^{R}$ 2
. , $\mathcal{M}$ $\mathcal{L}$ algebraically equivalent $A$ invertible sheaf
, $q_{\lambda\Lambda}$ $q_{L}$ .
(iii) $Q\in A(K)$ $B\subset A(K)(\# B=\infty)$ ,
$Marrow\infty$ ,
$\#\{P\in Q+B ; h_{L}(P)\leq M\}=cM^{r/2}+O(M^{(r-1)/2})$
. ,




$k$ $1^{o}-4^{o}$ , $k’$
$1^{o}-4^{o}$ , ,
$\{P\in S(k) ; h_{L}(P)\leq M\}\subset\{P\in S(k’) ; h_{L}(P)\leq M\}$
. , 4.1 $r$ $\mathcal{L}$
. .
4.4. $k$ , $S$ $k$ . ,




-#x’\iota , $k$ $V$ $V$ ample





[1] [4] . $H_{\mathcal{L}}=\exp oh_{L}$
exponential height . , .
4.5. $k$ , $S$ $k$ . ,
$S$ ample invertible sheaf $\mathcal{L}$ ,
$Z_{\mathcal{L}}(s)= \sum_{P\epsilon s(k)}H_{L}(P)^{-s}$
$(s\in C)$
${\rm Re} s>0$ $s$ ( ) .
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